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Abstract—The lower bound Ω(n log2 n) for the complexity of an arbitrary depth-two information
network with n inputs and n outputs is proved providing the inputs are independent, the outputs are
independent, and the total information of any input and any output is n times less than the entropy
of any input or output. A similar estimate for Boolean depth-two circuits of functional elements is
obtained as a corollary.
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We prove the lower bound Ω(n log2 n) for the complexity of an arbitrary depth-two information network

with n inputs and n outputs providing the inputs are independent, the outputs are independent, and the
total information of any input and any output is n times less than the entropy of any input or output. A
similar estimate for Boolean circuits of functional elements (CFE, see [1]) with depth 2 is obtained as a
corollary.

Let us formalize information properties which we suppose to use to prove a lower bound for the complexity.
An information space (IS ) is defined as a collection S = (M, ◦, | · |), where M is a set of objects referred to
as messages ; ◦: M2 → M denotes the union operation for messages; and | · |: M → R is the messages norm
functional (by norm we understand the amount of information), such that for any x, y, z ∈ M the following
axioms are valid:

(I) x ◦ x = x; (II) x ◦ y = y ◦ x; (III) (x ◦ y) ◦ z = x ◦ (y ◦ z);
(IV) ∃Λ ∈ M (|Λ| = 0 & ∀t ∈ M Λ ◦ t = t);
(V) |x ◦ y| + |x ◦ z| ≥ |x ◦ y ◦ z| + |x| (strong subadditivity).
Let S = (M, ◦, |·|) be an IS, x, y, z, u ∈ M . Assume |x|u = |x◦u|−|u|. Then the collection Su = (M, ◦, |·|u)

is also an IS (it suffices to verify Axiom (V): |x ◦ y|u + |x ◦ z|u = |x ◦ y ◦ u| + |x ◦ z ◦ u| − 2|u| ≥ |x ◦ y ◦
z ◦ u| + |x ◦ u| − 2|u| = |x ◦ y ◦ z|u + |x|u). Introduce the following notations: I(x, y) = |x| + |y| − |x ◦ y|;
x ⊆ y ⇐⇒ |x ◦ y| = |y|. If some function (or relation) φ is defined in terms of an IS, then by φu we denote
the same function with respect to the norm | · |u. For example, x ⊆u y ⇐⇒ |x ◦ y|u = |y|u.

Assertion 1. For any messages x, y, z the following relations are valid:

(a) (|x|y)z = |x|y◦z ; (b) |x| = I(x, y) + |x|y; (c) I(x, y ◦ z) = Iz(x, y) + I(x, z);

(d) |x| ≥ 0; (e) |x ◦ y| ≥ |x|; (f) I(x, y) ≥ 0; (1)

(g) I(x, y ◦ z) ≥ Iz(x, y); (h) I(x, y ◦ z) ≥ I(x, y).

If x ⊆ y, then the following relations hold:
(i) I(x, y) = |x|; (j) x ⊆ y ◦ z; (k) x ⊆z y.

If I(x, y) = 0, then (l) I(x ◦ y, z) ≥ I(x, z) + I(y, z).
Proof. Statements (a)–(c), and (i) follow directly from the definitions, statements (d)–(f) follow from

Axiom (V): in the first case we assume y = z, x = Λ, in the second case we assume y = z, and in the third
case x = Λ; statements (g) and (h) follow from (c) and (f).

Prove (j) and (k): |x◦y|+|y◦z| ≥ |y|+|x◦y◦z| =⇒ 0 = |x◦y|−|y| ≥ |x◦y◦z|−|y◦z| =⇒ |y◦z| ≥ |x◦y◦z|;
on the other hand (e) implies |y ◦ z| ≤ |x ◦ y ◦ z|. Thus, we have |y ◦ z| = |x ◦ y ◦ z| =⇒ x ⊆ y ◦ z. At the
same time, |y ◦ z| = |x ◦ y ◦ z| =⇒ |y|z = |x ◦ y|z =⇒ x ⊆z y.

Prove (l) using (c) and (h): I(x ◦ y, z) = I(x, z) + Ix(y, z) = I(x, z) + I(y, x ◦ z) − I(y, x) = I(x, z) +
I(y, x ◦ z) ≥ I(x, z) + I(y, z). �

By (n, m)-network (or just by a network) we call a finite oriented graph without oriented cycles where n
inputs and m outputs are chosen and none of inputs is an end of an edge. By x1, . . . , xn we denote inputs of
the network and by y1, . . . , ym we denote its outputs. We also assume X = {x1, . . . , xn}, Y = {y1, . . . , ym}.
The complexity of a network is the number of its edges and its depth is the maximal length of an oriented
path in this network. A network is said to be two-tier if the length of any its oriented path joining an input
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with an output is equal to 2. Any depth-two network can be reduced to a two-tier network by an evident
transformation, which enlarges the complexity at most by a constant factor; therefore, we restrict ourselves
to consideration of two-tier networks.

We say that an (n, n)-network is uniform informational (an n-UIN ) if any its vertex v is endowed with
a message v̂ from some fixed IS and the following properties are valid:

i) if v1, . . . , vs are all the vertices with outgoing edges incoming into v, then v̂ ⊆ v̂1 ◦ . . . ◦ v̂s;
ii) ∀v |v̂| ≤ 1; iii) |ŷ1 ◦ . . . ◦ ŷn| = n, ∀i, j I(xi, yj) = 1

n .
Let S be a network with a vertex set W , and V ⊆ W , U ⊆ W . By S\V we denote the network obtained

from S by elimination of all vertices from V (V may contain inputs and outputs). We say that a set V relies
on a set U if any oriented path going from an input to some vertex from V contains at least one vertex from
U . If a network is n-UIN and V = {v1, . . . , vs}, then assume V̂ = v̂1 ◦ . . . ◦ v̂s. It is not difficult to show that
if V relies on U , then V̂ ⊆ Û .

Assertion 2. Let S be an n-UIN, X1 ⊆ X, Y1 ⊆ Y . Then the equalities

(a) |X̂1| = |X1|; (b) |Ŷ1| = |Y1|; (c) I(X̂1, Ŷ1) =
1
n
|X1| |Y1| (2)

are valid.
Proof. Assume X2 = X\X1, Y2 = Y \Y1. Notice that the set Y relies on X and hence Ŷ ⊆ X̂.
(b) We have

n = |Ŷ | = |Ŷ1 ◦ Ŷ2| ≤ |Ŷ1| + |Ŷ2| ≤ |Y1| + |Ŷ2| ≤ |Y1| + |Y2| = n. (3)

Since the right-hand side and the left-hand side of (3) are equal to each other, then all inequalities can be
replaced by equalities and hence |Ŷ1| = |Y1|.

(a) Due to the inclusion Ŷ ⊆ X̂ , we have n = |Ŷ | ≤ |X̂ | ≤ n and hence |X̂| = n. Then Item (a) can be
proved similarly to Item (b).

(c) The inclusion Ŷ ⊆ X̂ implies I(X̂, Ŷ ) = |X̂| + |Ŷ | − |X̂ ◦ Ŷ | = |Ŷ | = n. Due to (a), for any
nonintersecting X ′, X ′′ ⊆ X the relation I(X̂ ′, X̂ ′′) = 0 holds; due to (b), a similar statement is valid for
the set Y . Using Assertion 1 (l), we get

n = I(X̂, Ŷ ) ≥ I(X̂1, Ŷ1) + I(X̂2, Ŷ1) + I(X̂, Ŷ2) ≥
∑

i,j

I(x̂i, ŷj) = n. (4)

Replacing all inequalities in (4) by equalities, we obtain what was required. �
If S is an (n, m)-network, then by MS = (mS

ij) we denote the Boolean (n×m) matrix such that mS
ij = 1

if and only if there exists an oriented path from xi to yj. Let M = (mij) be a Boolean (n×m) matrix. A pair
(i, j) ⊆ {1, . . . , n}×{1, . . . , m} is called a lower zero of the matrix M if for any i′ from the set {1, . . . , i} and
for any j′ from the set {1, . . . , j} the equality mi′j′ = 0 is valid. Introduce the following notations: N(M)
denotes the number of lower zeros of the matrix M ; N∗(M) = max

M ′
N(M ′), where the maximum is taken

over all matrices M ′ obtained from M by some permutation of its rows and columns.
Lemma 1. Let S be an n-UIN and Z be a subset of its vertex set. Then N∗(MS\Z) ≤ n|Z|.
Proof. Due to symmetry, we can assume that inputs and outputs are enumerated so that N∗(MS\Z) =

N(MS\Z). Let i ∈ {1, . . . , n}. Assume X ′
i = {xj | m

S\Z
ji = 1}, θi = X̂ ′

i ◦ ŷi, Xi = X ′
1 ∪ . . . ∪ X ′

i, Yi =
{y1, . . . , yi}. The set {yi} relies (in the network S) on the set X ′

i ∪ Z. Therefore, ŷi ⊆ X̂ ′
i ◦ Ẑ, Then, due to

Assertion 1 (j) and (k), we have ŷi ⊆Ŷi−1
X̂i ◦ Ẑ and hence (due to Assertion 1 (i))

IŶi−1
(X̂i ◦ Ẑ, ŷi) = |ŷi|Ŷi−1

. (5)

We have
|Z| ≥ |Ẑ|

(1)(b)= I(Ẑ, θ1) + |Ẑ|θ1 = I(Ẑ, θ1) + Iθ1(Ẑ, θ2) + |Ẑ|θ1◦θ2

. . . =
n∑

i=1

IX̂i−1◦Ŷi−1
(Ẑ, θi) + |Ẑ|X̂n◦Ŷn

(1)(d)

≥
n∑

i=1

IX̂i−1◦Ŷi−1
(Ẑ, θi)

(1)(g)

≥
n∑

i=1

IX̂i◦Ŷi−1
(Ẑ, ŷi)

(1)(c)
=

∑

i

(
IŶi−1

(X̂i ◦ Ẑ, ŷi) − IŶi−1
(X̂i, ŷi)

)
(5)
=

∑

i

(
|ŷi|Ŷi−1

− IŶi−1
(X̂i, ŷi)

)
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(1)(c)=
∑

i

(
|Ŷi| − |Ŷi−1| − (I(X̂i, Ŷi) − I(X̂i, Ŷi−1))

)
(2)
=

∑

i

(
i − (i − 1) − 1

n
|Xi|(i − (i − 1))

)

=
1
n

∑

i

(n − |Xi|) =
1
n

∑

i

|(X\X ′
1) ∩ . . . ∩ (X\X ′

i)|. (6)

It remains to note that the set (X\X ′
1) ∩ . . . ∩ (X\X ′

i) contains all xj such that the pair (j, i) is a lower
zero of the matrix MS\Z . Therefore, proceeding with (6), we obtain |Z| ≥ 1

nN(MS\Z) = 1
nN∗(MS\Z). �

Lemma 2. Let S be a two-tier (n, n)-network whose each input and each output is incident to at most r
edges. Let k be the number of zeros in the matrix MS. Then

N∗(MS) ≥ k

Cr
2r

.

Proof. Let V = {v1, . . . , vt} be the vertex set of the middle layer of the network S (i.e., the vertices which
are neither input, nor output). By Vi (i = 1, . . . , n) we denote the set of vertices from V adjacent to xi; by
Wj (j = 1, . . . , n) we denote the set of vertices from V adjacent to yj. Then |Vi| ≤ r, |Wj | ≤ r. Notice that
mS

ij = 0 if and only if Vi ∩ Wj = ∅.
Consider an arbitrary permutation τ ∈ St. Assume Xτ

i = max{τ(l) | vl ∈ Vi}, Y τ
j = min{τ(l) | vl ∈ Wj}.

There exist permutations σ, π ∈ Sn such that

Xτ
σ(1) ≤ . . . ≤ Xτ

σ(n) and Y τ
π(1) ≥ . . . ≥ Y τ

π(n). (7)

Consider the matrix M ′ = (m′
ij), where m′

ij = mS
σ(i)π(j), which is obtained from MS by permutation of

rows and columns. If the relation Xτ
σ(i) < Y τ

π(j) holds for some i, j, then by (7) the relation Xτ
σ(i′) < Y τ

π(j′)

is valid for any i′ ≤ i, j′ ≤ j. Then Vσ(i′) ∩ Wπ(j′) = ∅ and so m′
i′j′ = 0. Thus, if Xτ

σ(i) < Y τ
π(j), then (i, j) is

a lower zero of the matrix M ′ and hence

N∗(MS) ≥ N(M ′) ≥ |{(i, j) | Xτ
σ(i) < Y τ

π(j)}| = |{(i, j) | Xτ
i < Y τ

j }|. (8)

Consider an arbitrary pair (i, j) such that mS
ij = 0 and estimate the quota of permutations τ which

Xτ
i < Y τ

j for. Let |Vi| = p, |Wj | = q. If we fix the set of places where the vertices from Vi ∪ Wj are located,
then the condition Xτ

i < Y τ
j is fulfilled by permutations τ such that first p places are taken by the vertices

from Vi and the last q places are occupied by the vertices from Wj . Hence, the quota required is equal to
1

Cp
p+q

≥ 1
Cr

2r
.

Summing relation (8) over all τ , we finally get

N∗(MS) ≥ 1
t!
|{(i, j, τ) | Xτ

i < Y τ
j }| ≥ 1

t!

∑

i,j: mij=0

|{τ | Xτ
i < Y τ

j }| ≥ 1
t!

k
t!

Cr
2r

=
k

Cr
2r

. �

Theorem. The complexity of a two-tier n-UIN is at least of order n log2 n.
Proof. Let S be a two-tier n-UIN of the minimal complexity being equal to L. Assume r = [2L

n ]. By X1 we
denote the set of all inputs adjacent to more than r vertices, by Y1 we denote the set of outputs adjacent to
more than r vertices, and let Z be the set of vertices from the middle layer adjacent to more than n

4r outputs.
Let S′ = S\(X1 ∪ Y1 ∪ Z), X2 = X\X1, Y2 = Y \Y1. The edges of a two-tier network which are incident to
distinct inputs and outputs are distinct themselves, therefore, L ≥ (r + 1)(|X1| + |Y1|) > 2L

n (|X1| + |Y1|).
Similarly, L ≥ n

4r |Z|. Thus,

|X1| ≤
n

2
, |Y1| ≤

n

2
, |Z| ≤ L

4r

n
≤ 2r(r + 1). (9)

Let k be the number of zeros in the matrix MS′
. Each input of the network S′ is adjacent to at most r

vertices from the middle layer (of the network S′) each of which in its turn is adjacent to at most n
4r outputs.

Thus, from each input of the network S′ one can get to at most r n
4r = n

4 outputs through an oriented path.
Hence, the number of units in the matrix MS′

does not exceed |X2|n4 . Then, taking into account (9), we
have

k ≥ |X2| |Y2| − |X2|
n

4
= |X2|

(
|Y2| −

n

4

)
≥ n

2

(n

2
− n

4

)
=

n2

8
. (10)
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Combining Lemmas 1 and 2, relations (9) and (10), and taking into account that the matrix MS′
is a

submatrix of the matrix MS\Z , we obtain

n2

8Cr
2r

≤ k

Cr
2r

≤ N∗(MS′
) ≤ N∗(MS\Z) ≤ n|Z| ≤ 2nr(r + 1).

Thus, n ≤ 16Cr
2rr(r + 1) ≤ 4r(1+o(1)). Substituting the definition of r, we obtain the estimate required. �

In conclusion we demonstrate how to apply the theorem to obtain a similar lower estimate for the
complexity of CFE of depth 2 in the basis consisting of all Boolean functions. Let P2(n) = {f | f : {0, 1}n →
{0, 1}}. Consider an IS Sn = (Mn, ◦, | · |), where Mn is the set of subsets of the set P2(n), ◦ is the set union
operation, and the norm | · | is defined as follows. Let F ∈ M and K1, . . . , Ks be all maximal subsets in
{0, 1}n such that any function f ∈ F is constant on each of them. Then we assume

|F| =
s∑

i=1

pi log2

1
pi

, where pi =
|Ki|
2n

. (11)

It is not difficult to see that Axioms (I)–(IV) are valid. Explain why Axiom (V) holds. In fact, we
consider functions from P2(n) as random variables whose simple events set is {0, 1}n. A set of such functions
corresponds to the joint distribution of random variables, and the norm (11) is the Shannon entropy [2] of
the joint distribution (note that the entropy of a joint distribution does not depend on the order of random
variables in the collection, therefore, one can consider the set of variables instead of their collection). Then
Axiom (V) follows from the strong subadditivity property of the Shannon entropy, which is well known.

Consider also the IS S′
n = (M ′

n, ◦′, | · |′), where M ′
n = Mn

n , (F1, . . . ,Fn)◦′ (G1, . . . ,Gn) = (F1 ◦G1, . . . ,Fn ◦
Gn), and |(F1, . . . ,Fn)|′ = 1

n (|F1| + . . . + |Fn|). One can say that S′
n is the direct sum of n copies of the

IS Sn, where the norm is n times decreased. Axioms (I)–(V) for S′
n directly follow from the corresponding

axioms for Sn.
Each permutation σ ∈ Sn corresponds to the Boolean permutable operator Fσ: {0, 1}n → {0, 1}n,

Fσ(x1, . . . , xn) = (xσ(1), . . . , xσ(n)). A collection Σ = (σ1, . . . , σn) of permutations is called orthogonal , if
the collection (σ1(i), . . . , σn(i)) is a permutation for any i.

Let Σ be an orthogonal collection of permutations, and FΣ: {0, 1}n+k → {0, 1}n be a Boolean operator
depending on the variables x1, . . . , xn, y1, . . . , yk (k = O(n)) such that for any permutation σi from the
collection Σ the operator Fσi can be obtained from FΣ by substitution of some constants for the variables
y1, . . . , yk. Further, let S be a CFE calculating the operator FΣ. Substituting the corresponding constants
for the inputs y1, . . . , yk of S, we obtain a CFE Si calculating the operator Fσi .

By S′ we denote the (n, n)-network obtained from S by elimination of all vertices relying on the set
{y1, . . . , yk}. Assign a message v̂ from IS S′

n to each vertex v of the network S′ as follows. Let fv
i be a function

of the variables x1, . . . , xn calculated at the vertex v of the circuit Si. We assume v̂ = ({fv
1 }, . . . , {fv

n}). One
can verify that the network S′ together with the messages v̂ is an n-UIN.

Corollary. The complexity of any operator FΣ from the class of CFE of depth 2 is at least of order
n log2 n.

Note that for the class of depth 2 circuits considered here the lower estimates of the form Ω(n3/2) are
known [3]. Besides, the estimates Ω(n log2 n) (see [4]) and Ω(n log3/2

2 n) (see [5]) are known for one of the
operators of the form FΣ, namely, for the cyclic shift operator.
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