ISSN 0027-1322, Moscow University Mathematics Bulletin, 2009, Vol. 64, No. 1, pp. 16—-19. © Allerton Press, Inc., 2009.
Original Russian Text © D.Yu.Cherukhin, 2009, published in Vestnik Moskovskogo Universiteta, Matematika. Mekhanika, 2009,
Vol. 64, No. 1, pp. 16—19.

The Complexity of Depth-Two Information Networks
D. Yu. Cherukhin

Moscow State University, Faculty of Mechanics and Mathematics,
Leninskie Gory, Moscow, 119991 Russia

Received September 05, 2007

Abstract—The lower bound (nlog,n) for the complexity of an arbitrary depth-two information
network with n inputs and n outputs is proved providing the inputs are independent, the outputs are
independent, and the total information of any input and any output is n times less than the entropy
of any input or output. A similar estimate for Boolean depth-two circuits of functional elements is
obtained as a corollary.
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We prove the lower bound Q(nlog, n) for the complexity of an arbitrary depth-two information network
with n inputs and n outputs providing the inputs are independent, the outputs are independent, and the
total information of any input and any output is n times less than the entropy of any input or output. A
similar estimate for Boolean circuits of functional elements (CFE, see [1]) with depth 2 is obtained as a
corollary.

Let us formalize information properties which we suppose to use to prove a lower bound for the complexity.
An information space (IS) is defined as a collection S = (M, o, |- |), where M is a set of objects referred to
as messages; o: M? — M denotes the union operation for messages; and | - |: M — R is the messages norm
functional (by norm we understand the amount of information), such that for any x,y, 2 € M the following
axioms are valid:

(Hxox=xz; (Il)zoy=yox; () (roy)oz==xzo(yoz);

(IV)IA e M (|[A|=0&Vt e M Aot =t);

(V) |zoy|+|xoz| > |zoyoz| + |z| (strong subadditivity).

Let S = (M, o,|-]) bean IS, z,y, z,u € M. Assume |z|, = |zou|—|u|. Then the collection S,, = (M, o, |-|,,)
is also an IS (it suffices to verify Axiom (V): |zoy|l, + |z ozl = |[royou|+ |rozou| —2u] > |zoyo
zou|+ |zou| —2lul = |royoz|, + |z|,). Introduce the following notations: I(z,y) = |z| + |y| — |z o y|;
x Cy < |zoy|=|y|. If some function (or relation) ¢ is defined in terms of an IS, then by ¢, we denote
the same function with respect to the norm | - |,.. For example, z C, y <= |z o yly = |Y|u-

Assertion 1. For any messages x,y, z the following relations are valid:

(@) (|zly)z = |z[yozs (b) 2] = I(2,y) + [z[y; (¢) [(z,y02) = L(z,y) + I(z,2);
(d)|z[ 2 0; (e)[zoy| =zf; (f)I(z,y) > 0; (1)
(&) I(z,yo02) = L(z,y); (h)I(x,yoz)=I(x,y).
If © C y, then the following relations hold:
(i) I(z,y) = |z|; (G) zCyoz (k)zCey.

If I(z,y) =0, then (1) I(x oy, z) > I(x,2) + I(y, 2).

Proof. Statements (a)—(c), and (i) follow directly from the definitions, statements (d)—(f) follow from
Axiom (V): in the first case we assume y = z, x = A, in the second case we assume y = z, and in the third
case r = A; statements (g) and (h) follow from (c) and (f).

Prove (j) and (k): |zoy|+|yoz| > |y|+|xoyoz| = 0 = |zoy|—|y| > |royoz|—|yoz| = |yoz| > |xoyoz|;
on the other hand (e) implies |y o z| < |z oy o z|. Thus, we have |[yoz| =|royoz| = = C yoz. At the
same time, |y o 2| = [z 0y 0 2| = [yl = v 0 yl, —> @ C. y.

Prove (1) using (¢) and (h): I(x 0o y,2) = I(x,2) + I;(y,2) = I(z,2) + I(y,z 0 2) — I(y,x) = I(x,z) +
Iy, w0 2) > I(5,2) + 1(y, 2). O

By (n,m)-network (or just by a network) we call a finite oriented graph without oriented cycles where n
inputs and m outputs are chosen and none of inputs is an end of an edge. By x1, ..., z, we denote inputs of
the network and by y1, ..., ym we denote its outputs. We also assume X = {z1,...,z,}, Y ={y1,. .., Ym}-

The complexity of a network is the number of its edges and its depth is the maximal length of an oriented
path in this network. A network is said to be two-tier if the length of any its oriented path joining an input
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with an output is equal to 2. Any depth-two network can be reduced to a two-tier network by an evident
transformation, which enlarges the complexity at most by a constant factor; therefore, we restrict ourselves
to consideration of two-tier networks.

We say that an (n,n)-network is uniform informational (an n-UIN) if any its vertex v is endowed with
a message 0 from some fixed IS and the following properties are valid:

i) if vy,..., v, are all the vertices with outgoing edges incoming into v, then © C 91 o ... 0 ¥;

i) Vo [8] <1; i) [f1o... 00 =n, Vi,j I(z5,y;) = L.

Let S be a network with a vertex set W, and V C W, U C W. By S\V we denote the network obtained
from S by elimination of all vertices from V' (V may contain inputs and outputs). We say that a set V' relies
on a set U if any oriented path going from an input to some vertex from V contains at least one vertex from
U. If a network is n-UIN and V = {vy,..., v}, then assume V = 1 0...0%,. It is not difficult to show that
if V relies on U, then 14 - U.

Assertion 2. Let S be an n-UIN, X1 C X, Y1 C Y. Then the equalities

A N PN 1
() [ Xa| = [X0f; (D) ] = Wil () I(X0, Y1) = [X0] Y3 (2)
are valid. R
Proof. Assume Xo = X\ X1, Yo = Y\Y;. Notice that the set Y relies on X and hence Y C X.
(b) We have
0= V] = % 0 Vol < [%i] + [¥a] < [¥i| + V3] < [¥i] + Y3l = . (3)

Since the right-hand side and the left-hand side of (3) are equal to each other, then all inequalities can be
replaced by equalities and hence |Y1| =Y.

(a) Due to the inclusion ¥ C X, we have n = |Y| < |X| < n and hence |X| = n. Then Item (a) can be
proved similarly to Item (b).

(¢) The inclusion ¥ C X implies I(X, Y) |X|+ Y| —|X oY]| = [Y] = n. Due to (a), for any
nonintersecting X', X" C X the relation I(X’, X”) = 0 holds; due to (b), a similar statement is valid for
the set Y. Using Assertlon 1 (1), we get

n=1I(X,Y)>I(X),Y1) + (X2, Y1) + I[(X,Y2) 2 Y I(ds,9;) = n. (4)

Replacing all inequalities in (4) by equalities, we obtain what was required. O

If S is an (n, m)-network, then by M* = (mfj) we denote the Boolean (n x m) matrix such that m =1
if and only if there exists an oriented path from x; to y;. Let M = (m;;) be a Boolean (n x m) matrix. A pair
(1,7) C{1,...,n} x{1,...,m} is called a lower zero of the matrix M if for any ¢’ from the set {1,...,4} and
for any j' from the set {1,...,j} the equality m;;; = 0 is valid. Introduce the following notations: N (M)

denotes the number of lower zeros of the matrix M; N*(M) = max N(M'), where the maximum is taken

over all matrices M’ obtained from M by some permutation of its rows and columns.

Lemma 1. Let S be an n-UIN and Z be a subset of its vertex set. Then N*(MS\?) < n|Z|.

Proof. Due to symmetry, we can assume that inputs and outputs are enumerated so that N*(M3\?) =
N(MS\?). Let i € {1,...,n}. Assume X] = {z; | m};? =1}, 0; = X/ 0g;, Xi = X{U...UX[, Y =
{y1,...,yi}. The set {yz} relies (in the network S) on the set X/ U Z. Therefore, j; C X/ o Z, Then, due to
Assertion 1 (j) and (k), we have §; Cy. X; o Z and hence (due to Assertion 1 (i))

Iy, (XioZ, i) = lgily,_,- (5)
We have
o (1)
Z) > |2 =" 1(Z,601) + | Zlo, = 1(Z,61) + Ip,(Z,02) + | Z]9, 00,
n N . (D)) & .
T ZIXi—IOY/i—l(Z76i) + |Z|Xn0§/n = ZIXi—IO}A/i—l(Z76i)
i=1 i=1
e & W O ®) R s
S e (2 (15, (Kio Z.g0) — Iy, (%0,90) @ D (Iails,_, — Iy, (X550
i—1 i i
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18 CHERUKHIN

LS (193 = ¥l = (K %)~ TR Vi) 230 (- G- 1) = 1l — - 1)

i i

1
= X=X = SO 0 X)) (6)
It remains to note that the set (X\X{)N...N (X\X/) contains all ; such that the pair (j,7) is a lower
zero of the matrix M5\Z. Therefore, proceeding with (6), we obtain |Z| > ! N(M5\?) = ! N*(M5\?). O
Lemma 2. Let S be a two-tier (n,n)-network whose each input and each output is incident to at most r
edges. Let k be the number of zeros in the matriz MS. Then

k
s
N*(M?) > cy

Proof. Let V = {v1, ..., v} be the vertex set of the middle layer of the network S (i.e., the vertices which
are neither input, nor output). By V; (i = 1,...,n) we denote the set of vertices from V adjacent to x;; by
W; (j =1,...,n) we denote the set of vertices from V adjacent to y;. Then |V;| < r, |IW;| < r. Notice that
mfj =0 if and only if V; N W; = 0.

Consider an arbitrary permutation 7 € Sy. Assume X7 = max{7(l) | v, € V;}, Y] = min{7(l) | v, € W;}.
There exist permutations o, 7w € .S,, such that

o(n)

Consider the matrix M’ = (m};), where m;; = mf(i)ﬂ(j), which is obtained from M® by permutation of
rows and columns. If the relation X7, < Y7 holds for some i, j, then by (7) the relation X7, < Y7,

is valid for any i" <1, j* < j. Then V) N W) = 0 and bom/ ., = 0. Thus, 1fXT(l) < ;(j),then( j)is
a lower zero of the matrix M’ and hence
N*(M®) = N(M') = [{(i,4) | X3y < Y H =G, 5) | XT <Y} (8)

Consider an arbitrary pair (¢,7) such that m” = 0 and estimate the quota of permutations 7 which
X7 < Y] for. Let |Vi| = p, [W;| = q. If we fix the set of places where the vertices from V; U W; are located,
then the condition X[ < Y[ is fulfilled by permutations 7 such that first p places are taken by the vertices
from V; and the last ¢ places are occupied by the vertices from W;. Hence, the quota required is equal to

1 -5 1
P Z or -
Cp+q Csr

Summing relation (8) over all 7, we finally get

k

T T t
" Yo Hr I XT <Y} > . O

1
.. XT YT >
{(i,5,7) | XT <Y]}| *t' “or T o

N* (M%) > |

0, mMij =0

Theorem. The complezity of a two-tier n-UIN is at least of order nlogyn.

Proof. Let S be a two-tier n-UIN of the minimal complexity being equal to L. Assume r = [QnL ]. By X we
denote the set of all inputs adjacent to more than r vertices, by Y; we denote the set of outputs adjacent to
more than r vertices, and let Z be the set of vertices from the middle layer adjacent to more than ;. outputs.
Let ' =S\(X7 UYL UZ), Xy = X\X3, Y5 =Y\Y7. The edges of a two-tier network which are incident to
distinct inputs and outputs are distinct themselves, therefore, L > (r + 1)(|X1| + |Y1]) > 25 (|X4] + V1))
Similarly, L > ' |Z|. Thus,

n n 4r
i<l i<t 121<L) <2+, ©)

Let k be the number of zeros in the matrix MS'. Each input of the network S’ is adjacent to at most r

vertices from the middle layer (of the network S’) each of which in its turn is adjacent to at most ;' outputs.

Thus, from each input of the network S’ one can get to at most ;' = '/ outputs through an oriented path.

Hence, the number of units in the matrix M5  does not exceed | X2] . Then, taking into account (9), we
have )
n n n/m n n

k21Xl Vol - Xl = Xl (2l - ) 2 0 (0= 0) = 10

> 1% val - 1%l | = 1%l(val = ) 2 0 (5 - ) =" (10)
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Combining Lemmas 1 and 2, relations (9) and (10), and taking into account that the matrix M 5 is a
submatrix of the matrix M°\%, we obtain

2
TR NSy < NY(MEVD) < 2] < 2 + 1),
8C5, ~ C3,
Thus, n < 16C5 7(r + 1) < 470+°(1) Substituting the definition of r, we obtain the estimate required. [J
In conclusion we demonstrate how to apply the theorem to obtain a similar lower estimate for the
complexity of CFE of depth 2 in the basis consisting of all Boolean functions. Let Po(n) = {f | f: {0,1}" —
{0,1}}. Consider an IS S,, = (M,,, 0, |- |), where M, is the set of subsets of the set P2(n), o is the set union
operation, and the norm | - | is defined as follows. Let F € M and Kj,..., K be all maximal subsets in
{0,1}" such that any function f € F is constant on each of them. Then we assume

- 1 K;
|}"|:Zpilog2p ., where p; = |2n| (11)
i—1 i

It is not difficult to see that Axioms (I)—(IV) are valid. Explain why Axiom (V) holds. In fact, we
consider functions from P5(n) as random variables whose simple events set is {0,1}". A set of such functions
corresponds to the joint distribution of random variables, and the norm (11) is the Shannon entropy [2] of
the joint distribution (note that the entropy of a joint distribution does not depend on the order of random
variables in the collection, therefore, one can consider the set of variables instead of their collection). Then
Axiom (V) follows from the strong subadditivity property of the Shannon entropy, which is well known.

Consider also the IS S}, = (M), o', |-|'), where M| = M, (F1,...,Fn)o (G1,...,Gy) = (F10Gy,...,Fpo
Gn), and |(F1,...,F,)| = L(|Fil + ...+ |Fa|). One can say that S, is the direct sum of n copies of the
IS Sy, where the norm is n times decreased. Axioms (I)~(V) for S, directly follow from the corresponding
axioms for S,,.

Each permutation o € S, corresponds to the Boolean permutable operator Fy: {0,1}™ — {0,1}",
Fo(z1,...,20) = (To(1)s -+, To(n)). A collection ¥ = (01,...,0,) of permutations is called orthogonal, if
the collection (o1 (), ...,0,(4)) is a permutation for any 4.

Let X be an orthogonal collection of permutations, and Fy: {0,1}"** — {0,1}" be a Boolean operator
depending on the variables x1,...,2,,y1,...,yx (kK = O(n)) such that for any permutation o; from the
collection ¥ the operator F,, can be obtained from Fy by substitution of some constants for the variables
Y1, ...,Yk. Further, let S be a CFE calculating the operator Fy. Substituting the corresponding constants
for the inputs yi,...,yx of S, we obtain a CFE §; calculating the operator Fj,.

By S’ we denote the (n,n)-network obtained from S by elimination of all vertices relying on the set
{y1,...,yr}. Assign a message ¢ from IS S/, to each vertex v of the network S’ as follows. Let f? be a function
of the variables x1, ..., z, calculated at the vertex v of the circuit S;. We assume 0o = ({f{'},...,{f"}). One
can verify that the network S’ together with the messages © is an n-UIN.

Corollary. The complexity of any operator Fx, from the class of CFE of depth 2 is at least of order
nlogy n.

Note that for the class of depth 2 circuits considered here the lower estimates of the form Q(n®/?) are

known [3]. Besides, the estimates Q(nlog,n) (see [4]) and Q(n 1og§/ n) (see [5]) are known for one of the
operators of the form Fy, namely, for the cyclic shift operator.
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